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Abstract 
This paper is focused on the validation of a new method, developed by the authors for finite element analysis calculation, to 
evaluate, in frequency domain, the fatigue damage of mechanical components modeled by modal approach, subjected to variable 
amplitude loading exerted as random dynamic loads . The authors theoretically demonstrate that the statistical properties (spectral 
moments) of the PSD functions matrix of stress tensor of the model are obtainable with no margin for error only from PSD functions 
matrix of the modal coordinates and of inputs. A numerical test case is presented to show the capabilities of this new approach. 
© 2015 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
This paper is focused on the validation of a new method, developed by the authors for finite element analysis 
calculation (FEA), to evaluate, in frequency domain, the fatigue damage of mechanical components modeled by modal 
approach, subjected to variable amplitude loading exerted as random dynamic loads. 
The research scenario is illustrated below. 
In previous papers the authors have focused their attention on the numerical evaluation of the stress state and of the 
associated fatigue damage of mechanical components subjected to random dynamic loads, starting from the hypothesis 
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to consider the generic mechanical system modeled within a multibody code (MBS) and the component/s modeled by 
using modal approach [1-4]. From this hypothesis, the analysis of the dynamic behavior of the component, when 
performed in the frequency domain, was assumed to have system representation expressed in a linearized form as a 
state space system [5-6], having whatever inputs and as outputs the modal coordinates of the component. These were 
associated with the corresponding mode shapes, previously obtained in the synthesis process carried out in any finite 
element analysis (FEA) environment. This utility is now implemented in all major MBS codes also thanks to the work 
of the authors themselves [1-2]. This hypothesis, apparently limiting, allows to tackle the analysis even of systems 
with non-linear behavior in the case of random load conditions [2], always considering the linear behavior of the 
component (modal approach). In a previous work the authors have shown that it is possible to successfully deal with 
these conditions and, therefore, well recover the matrix of power spectral density functions (PSDs) [5-7] of the stress 
tensor of a generic element of the FEA model, by intelligently combining time domain dynamic analysis with the 
previously cited. 
The reference frequency domain procedure to evaluate damage was and is a method that, by looping among all 
elements, reconstructs the power spectral density matrix of the stress tensor, a matrix ͸u ͸, and then summarizes its 
content in a single power spectral density function [7-14], for example by using Preumont’s approach, that can be 
subjected to any frequency criterion. When the stress state satisfies the hypothesis of Gaussian stationary ergodic 
signal and is synthesized by a single signal, the literature shows a whole series of approaches that, starting from its 
power spectral density function (PSD) and the relative spectral moments, allow to directly obtain an estimation of the 
damage [15-21]. Dirlik’s one [15] is considered by authors as reference criterion, which, if compared to the other ones, 
shows a greater applicability to a wide range of PSDs [16-17]. 
One of the aims that the research on fatigue arises is to provide the designer with tools that are able to understand 
the physical behavior of the phenomenon correctly without huge computational costs. The frequency domain stress 
state recovery (dynamic analysis step) and the use of the above approaches (results post-processing step) allow to 
reach this aim, especially if their use is oriented to the first stage of the mechanical system design process and, in 
particular, to the identification of components critical locations. 
In order to speed up as much as possible the frequency approach the authors have undertaken further research aimed 
at obtaining the result, that is the damage evaluation of flexible components by FEA approach or by multibody one 
(MBS/Flex), trying to minimize calculation time and errors that can be committed to evaluate this parameter in 
frequency domain [1, 4, 22].  
This paper starts from the previously cited research [22]. The aim is to demonstrate the capabilities of a new fatigue 
evaluation procedure, especially developed for finite element analysis calculation environments (FEA). The authors 
briefly describe the state of the art of performing dynamic numerical analysis in frequency domain. By addressing and 
illustrating the theoretical problems in using the modal approach, focusing on finite element analysis, a new dynamic 
simulation procedure, adoptable and easily implementable by FEA codes, is shown. The authors recall the theoretical 
demonstration [22] of how the fatigue damage of all or of  elements subset of the model can be assessed with great 
speed and without error, from the knowledge of a set of halfway results of the classical dynamic analysis, without 
necessarily to recover the power spectral density function matrix (PSD) of the stress tensor of each element. Paper 
[22] theoretically demonstrates as the statistical properties (spectral moments [5-7]) of the PSD matrices of the model 
modal coordinates and of inputs, together with the stress mode shapes, are necessary and sufficient to achieve those 
of the stress tensor, and thus allow, for all direct approaches developed in the frequency domain and based on the 
spectral moments of the stress PSD function, to assess the damage with no margin for error. This demonstration is 
highlighted again in the present work. 
A numerical test case is presented to show the capabilities of this new approach. A FE shell model of a simple 
structure, loaded by single point base motion, is considered. The dynamic analysis was conducted in frequency domain 
by classical modal approach and, for each element, starting from the PSD function of the equivalent stress (Preumont’s 
approach), damage was obtained by Dirlik’s frequency domain criterion (reference frequency approach). This is 
considered the reference damage value for the frequency approach. Previous results are compared with those obtained 
with the developed and proposed procedure, with the aim to show its goodness (zero error if compared with frequency 
domain reference results) and how much fast it is (two hundred times faster than the frequency domain reference 
approach). 
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2. Dynamic modelling and simulation 
If a generic component and its FEA model, characterized by ݊ degrees of freedom (dofs), is considered, the equation 
of motion is, in general, expressed by the following: 
ࡹ ή ࢾሷ ൅ ࡯ ή ࢾሶ ൅ ࡷ ή ࢾ ൌ ࢌ (1) 
where ࡹ is the mass matrix (݊u ݊), ࡯ is the damping matrix (݊u ݊), ࡷ is the stiffness matrix (݊u ݊), ࢌ is the 
vector of forces (݊u ͳ) and ࢾ is the displacement vector (݊u ͳ).  
It’s possible to rewrite equation (1) by rearranging the degrees of freedom, and consequently vectors ࢾ and ࢌ and 
the ࡹ, ࡷ and ࡯ matrices, by separating the ݎ constrained (boundary) degrees of freedom, denoted by the subscript ܤ, 
and the ݏ free (internal) degrees of freedom, denoted by the subscript ܮ, as described in (2). 
൤ࡹ௅௅ ࡹ௅஻ࡹ஻௅ ࡹ஻஻൨ ή ቊ
ࢾሷ ௅
ࢾሷ ஻
ቋ ൅ ൤࡯௅௅ ࡯௅஻࡯஻௅ ࡯஻஻൨ ή ቊ
ࢾሶ ௅
ࢾሶ ஻
ቋ ൅ ൤ࡷ௅௅ ࡷ௅஻ࡷ஻௅ ࡷ஻஻൨ ή ൜
ࢾ௅
ࢾ஻ൠ ൌ ൜
ࢌ௅
ࢌ஻ൠ (2) 
If the dynamic analysis is carried out by adopting a modal representation of the system [7] the displacements of the 
internal dofs ܮ are obtainable by the evaluation of the modal coordinates ࢗ, which are the unknowns of the reduced 
modal system. This change of coordinates is described by the following relations for the internal or free degrees of 
freedom: 
ࢾ௅ሺݐሻ ൌ ઴ ή ࢗሺݐሻ (3) 
ࢾ௅ሺݐሻ ൌ ઴େ ή ࢾ஻ሺݐሻ ൅ ઴ ή ࢗሺݐሻ (4) 
The equation (3) refers to forced vibration instead equation (4) to motion base condition. 
In this relations ࢾ௅ሺݐሻ represents the physical displacement of the internal or free degrees of freedom of the model 
at time ݐ (ݏu ͳ), ઴ is a transformation matrix named modal (ݏu݉) with ݉ the number of modes, generally less than 
or equal to ݏ. ࢗሺݐሻ represents the set of coordinates defined by the transformation (modal coordinates or Lagrangian 
coordinates) of size (݉u ͳ). The matrix ઴େ. is a (ݏu ݎ) matrix named constraint modes [23] and it is equal to the 
product  െሺࡷ௅௅ሻିଵࡷ஻௅ . Each ઴େ column represents the deformed shape of ܮ dofs when an unitary displacement at 
the j-th ܤ dof is imposed and the other ܤ degrees of freedom are constrained (zero displacement/rotation). 
If this is true for the displacement it is also for the stress recovery of a single element in time domain, if the mode 
shapes of the same are expressed in terms of stress, as generically described by the following: 
The equations (3) and (4) become the following: 
࣌ሺݐሻ ൌ ઴஢ ή ࢗሺݐሻ (5) 
࣌ሺݐሻ ൌ ઴஼ఙή ࢾ஻ ൅઴஢ ή ࢗሺݐሻ (6) 
where ࣌ is the stress tensor at ݐ instant (͸u ͳ), ઴஼ఙ  is the stress constraint modes matrix (͸u ݎ) and ઴஢ is the stress 
modal shapes one (͸u݉). 
If this procedures is translated into frequency domain the result of a generic FE frequency domain dynamic analysis 
will be, for the generic j-th element (of a finite elements model), a matrix (6 u 6) ࡳఙ  of power spectral density 
functions, representative of a general multiaxial stress state [1]. As explicitly defined in [29] but also recoverable in 
[23], the relations, respectively for forced vibration and motion base conditions, to obtain ࡳఙ are the following: 
ࡳఙ ൌ ઴஢ ή ࡳ௤ ή ሺ઴஢ሻ୘ (7) 
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ࡳఙ ൌ ઴஢ ή ࡳ௤ ή ሺ઴஢ሻ୘ ൅ ઴େ஢ ή
ࡳ௫
߱ସ ή ሺ઴େ
஢ሻ୘ െ ઴஢ ή ࡴ௤ ή
ࡳ௫
߱ଶ ή ሺ઴େ
஢ሻ୘ െ ઴େ஢ ή
ࡳ௫
߱ଶ ή ൫ࡴഥ௤൯
୘
ή ሺ઴஢ሻ୘ 
(8) 
In the previous relations ࡳ௫ (ݖu ݖ) is the PSD matrix of inputs and the modal coordinates PSD matrix ࡳ௤ (݉u݉) 
is defined by the following equation: 
ࡳ௤ ൌ ࡴ௤ ή ࡳ௫ ή ࡴ௤்  (9) 
where ࡴ௤ሺ߱ሻ is the frequency response matrix of complex functions between the ݉ Lagrangian coordinates of the 
model (outputs). 
As shown in papers [1, 2, 12], the approach proposed by Preumont [7-11] (equivalent von Mises stress, EQVM) 
could be considered as an useful procedure to synthesize the full stress state into a single PSD function. Moreover, it 
can be easily implemented in any FEA code and used starting from the PSD stress matrix ࡳఙሺ߱ሻ of the element, but 
it is not tracked by the authors in any of the most commonly used codes. The PSD function of the equivalent von Mises 
stress of Preumont, ܩாொ௏ெ , is shown by the following relation: 
ܩாொ௏ெ ൌ ݐݎܽܿ݁ሺࡽఙ ή ࡳఙሻ (10) 
where ࡽఙ is: 
ࡽఙ ൌ 
ۏ
ێ
ێ
ێ
ێ
ۍ ͳ െͳȀʹ െͳȀʹെͳȀʹ ͳ െͳȀʹ
െͳȀʹ െͳȀʹ ͳ
͵
͵
͵ ے
ۑ
ۑ
ۑ
ۑ
ې
 (11) 
3. Proposed procedure for damage estimation 
The aim of the paper is to assess the elements damage by avoiding to evaluate ࡳఙ matrix for each one but, only, 
analyzing, from a statistical point of view, PSD matrices ࡳ௤  and, where it is necessary, ࡳ௫ . This would allow to 
considerably speed up the damage evaluation process and, therefore, to emphasize and disseminate the frequency 
approach as fatigue assessment tool very useful in the first phase of the design process. In previous work [1, 4] the 
authors had begun to walk this road with good results but having to accept a not always negligible margin of error on 
the evaluation of the damage. If motion input condition is considered the stress PSD matrix of the j-th element is 
provided by (8). To better understand the following steps an uniaxial stress condition is considered that is the ࡳఙ has 
one term represented by the power spectral density function ܩఙ . In this case the spectral moments of the PSD are 
evaluable by the following equation (12). 
݉௡ ൌ න ܩఙ
ஶ
଴
݂௡݂݀ ൌ 
ൌ ઴஢ ή ቈන ܴ݁ሺࡳ௤ሻ݂௡
ஶ
଴
݂݀቉ ή ሺ઴஢ሻ୘ ൅ ઴େ஢ ή ቈන
ܴ݁ሺࡳ௫ሻ
߱ସ ݂
௡݂݀቉ ή ሺ઴େ஢ሻ୘ െ 
െ઴஢ ή ൤නܴ݁ሺࡴ௤ ή
ࡳ௫
߱ଶሻ݂
௡݂݀൨ ή ሺ઴େ஢ሻ୘ െ ઴େ஢ ή ൤නܴ݁ ൬
ࡳ௫
߱ଶ ή ൫ࡴഥ௤൯
୘൰ ݂௡݂݀൨ ή ሺ઴஢ሻ୘ 
(12) 
where the symbol ܴ݁ሺήሻ is the “real part” operator. Only real parts of all the terms are considered because ܩఙ  itself 
is real and a result of a linear combination of real terms (the real part of the linear combination is equal to the 
combination of the real parts). 
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In the case of multiaxial stress condition, if the Preumont approach is adopted, it is possible to demonstrate the 
following relationship: 
݉௡ ൌ න ܩாொ௏ெ݂௡݂݀ ൌ
ஶ
଴
 
ൌ ݐݎܽܿ݁ ቆࡽఙ ή ቊ઴஢ ή ቈන ܴ݁ሺࡳ௤ሻ݂௡
ஶ
଴
݂݀቉ ή ሺ઴஢ሻ୘ ൅ ઴େ஢ ή ቈන
ܴ݁ሺࡳ௫ሻ
߱ସ ݂
௡݂݀቉ ή ሺ઴େ஢ሻ୘ െ 
െ઴஢ ή ൤නܴ݁ሺࡴ௤ ή
ࡳ௫
߱ଶሻ݂
௡݂݀൨ ή ሺ઴େ஢ሻ୘ െ ઴େ஢ ή ൤නܴ݁ ൬
ࡳ௫
߱ଶ ή ൫ࡴഥ௤൯
୘൰ ݂௡݂݀൨ ή ሺ઴஢ሻ୘ൠ൰ 
(13) 
that is obtainable by considering the following: 
݉௡ ൌ න ܩாொ௏ெ݂௡݂݀ ൌ ݐݎܽܿ݁ሺࡽఙ ή ሾන ܴ݁ሺࡳఙሻ݂௡݂݀ሿሻ
ஶ
଴
ஶ
଴
 (14) 
In (11) it is sufficient to take the real parts of the ࡳఙ because the trace operator contains terms such as: ሺܳఙሻ௜௝ ή
ሺܩఙሻ௜௝ ൅ ሺܳఙሻ௝௜ ή ሺܩఙሻ௝௜. Because of symmetry conditions ሺܳఙሻ௜௝ ൌ ሺܳఙሻ௝௜ and ሺܩఙሻ௜௝ ൌ ሺܩҧఙሻ௝௜ the previous sum is 
only real. It can be concluded that the imaginary parts of the stress cross-spectra do not affect the values of ݉௡. 
Furthermore, it should be noted that the real part of ࡳఙ , linear combination of matrices, is a linear combination of the 
real parts of matrices દ௡, ઩௡, શ௡ end ડ௡, introduced below (15). 
The equation (13) could be rewritten as: 
݉௡ ൌ ݐݎܽܿ݁ሺࡽఙ ή ሼࢶఙ ή દ௡ ή ሺࢶఙሻ் ൅ ࢶ஼ఙ ή ઩௡ ή ሺࢶ஼ఙሻ் െ ࢶఙ ή શ௡ ή ሺࢶ஼ఙሻ் െ ࢶ஼ఙ ή ડ௡
ή ሺࢶఙሻ்ሽሻ (15) 
In which the matrices દ௡, ઩௡, શ௡ and ડ௡ (named spectral matrices, of ݊ order) are evaluated one time (16), by not 
considering the j-th element has to be processed but only system output and, in general, input characteristics. 
દ௡ ൌ න ܴ݁ሺࡳ௤ሻ݂௡
ஶ
଴
݂݀ 
઩௡ ൌ න
ܴ݁ሺࡳ௫ሻ
߱ସ ݂
௡݂݀ 
શ௡ ൌ නܴ݁ሺࡴ௤ ή
ࡳ௫
߱ଶሻ݂
௡݂݀ 
ડ௡ ൌ නܴ݁ ൬
ࡳ௫
߱ଶ ή ൫ࡴഥ௤൯
୘൰ ݂௡݂݀ 
(16) 
Finally, it is possible to calculate the spectral moments of stress state without error for each element by using simple 
matrix operations (15), once these matrices (16) are evaluated. 
This procedure speeds up the calculation because the number of integrals (spectral moments) ܫ to be calculated is 
reduced. If the model has N elements, ݉ modal coordinates, and ݖ inputs, the number of integrations needed for 
damage calculation by the proposed approach is given by the following relation: 
ܫ ൌ ݊ ൉ ሺݖଶ ൅ ݉ଶ ൅ ʹ ൉ ݖ ൉ ݉ሻ (17) 
where ݊  is the number of spectral moment needed for the adopted frequency method (i.e. ݊ ൌ Ͷ for Dirlik’s 
criterion and ݊ ൌ ͳ for Bands method [18]). The computational time is reduced as the following inequality shows: 
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݊ ൉ ሺݖଶ ൅ ݉ଶ ൅ ʹ ൉ ݖ ൉ ݉ሻ ا ݊ ൉ ܰ (18) 
in which the second terms represents the number of integrations needed by the classical and reference approach. 
The equation (18) is satisfied because ݖ ا ܰ end ݉ ا ܰ. For example if ݖ ൌ ͳͲ inputs, ݉ ൌ ͷͲ normal modes 
and ܰ ൌ ͳͲ଺ elements are considered, the integrals to be evaluated by the proposed approach are 14.4·103, while 4·106 
are those needed by the classical one. Moreover, it has to be considered that the proposed approach needs the evaluation 
of only (݉ ൉ ݖሻ frequency response functions ܪ௤೔ೕ and ሺ݉ ൉ ݉ሻ PSDs ܩ௤೔ೕ . The standard method needs of ሺ͸ܰ ൉ ݖሻ 
frequency response functions ܪఙ೔ೕ  and consequently N times ሺ͸ ൉6 )  stress PSDs ܩఙ௜௝  and N syntheses of these 
functions into a single PSD function, for example by von Mises’ rule or Preumont approach. So the speed up is much 
more evident than the only comparison in terms of spectral moments evaluation. 
Finally, it has to be highlighted that for force excitation equation (15) becomes: 
݉௡ ൌ ݐݎܽܿ݁ሺࡽఙ ൉ ሼ઴஢ ൉ દ௡ ൉ ሺ઴஢ሻ୘ሽሻ (19) 
For this kind of problems the proposed approach is faster because the integrals to be calculated are ሺ݊ ൉ ݉ଶሻ and 
equation (18) becomes: 
݊ ൉ ݉ଶ ا ݊ ൉ ܰ (20) 
If the previous example is considered, only 1·104 integrals have to be evaluated instead of 4·106. 
It is worth noting that the proposed approach is a clever rewriting of the classical approach and therefore does not 
cause any error or approximation with respect to the standard procedure, shown in the previous section. In figure 1 the 
flow chart of the proposed procedure is compared with that of the classical approach. 
4. Test case 
To demonstrate the efficiency of the proposed procedure a simple structure was considered. A 2D model of the 
Fig. 1 – Comparison between flow charts of reference and proposed procedure 
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structure was realized (fig.2) by a commercial FE code (HyperMesh©), by using shell elements with 3 or 4 nodes and 
3 dofs per node, characterized by 4791 elements, 5283 nodes, 15849 dofs, clamped to the lower extremes (fig.2). 
A single point motion base load condition is considered. An acceleration PSD function was applied to constraint 
dofs along y direction (see figure 2). It is a flat PSD with constant amplitude of 8000 (m/s2)/Hz between 10 to 2000 
Hz. A modal coordinates subset of 10 modes is considered. The reference procedure and the proposed one were 
performed in MATLAB© starting by input PSD and FEA intermediate results as previously defined. The comparison 
was performed in terms of spectral moments of the equivalent stress PSD function for each element and then of the 
damage. A Wöhler curve S  D N E was adopted, in which S represents the alternating stress component and N the 
number of cycles to failure. The strength curve of the choose material is characterized by a single constant slope. The 
material’s constants are D  800 MPa, and E   0.10.  As theoretically demonstrated a zero error is measured in the 
evaluation of all moments. This means that zero error is obtained for damage evaluation (fig.2) if, for example, Dirlik’s 
approach or whatever direct approach based on spectral moments is used. In this case Dirlik’s approach and Miner’s 
rule were adopted to obtain damage by S-N fatigue approach. 
The difference between the reference approach and the proposed one is evident in terms of computation time. In 
this case ݊ ൌ Ͷ, ݖ ൌ ͳ, ݉ ൌ ͳͲ and ܰ ൌ Ͷ͹ͻͳ, and equation (18) shows that the integrals to be evaluated to obtain 
spectral moments by the proposed approach are 484, while 19164 are those needed by the reference one. In terms of 
computation time (see table 1) this means that to obtain the damage for all model the reference approach needs 196 s 
and the proposed one 0.9 s, two hundred times faster. This ratio becomes more significant if translated into industrial 
test case.  
Table 1. Computation times comparison 
Procedure type Computational Time 
(s) 
Reference Procedure 196 
Proposed Procedure 0.9 
Fig. 2 – Test case FE model (left). An example of equivalent stress PSD function for element ID 1678, close to the left corner. 
Map of per unit time damage, obtained by the two approaches (right) and adopting Dirlik’s criterion and Miner’s rule. 
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5. Conclusions  
In this paper a new procedure to obtain spectral moments of stress tensor PSD matrix and damage of elements of a 
FE model is shown. This procedure hypothesizes that a modal modelling approach is adopted. Starting from PSD 
input matrix, intermediate frequency analysis results, such as PSD matrix of Lagrangian coordinates and stress shapes 
of normal and constraint modes, it is possible to obtain the exact values of the spectral moments of all elements and, 
by adopting whatever direct frequency domain approach, fatigue damage. This procedure is very faster than the 
reference procedure and easily implementable in any commercial FE codes. 
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